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output to input (x) (A21)

= ~ comb (;). [f(x)qec (;)]

where llw comb(xlw) denotes a series of impulses of
unit energy (Le., a series of delta functions as in Fig.
34) spaced at 0, ±w, ±2w, ... , and rect(xlw) is a
function which equals one for -w/2 s x s w/2 and
zero elsewhere (.. denotes convolution). Now the factor

llw comb(~) represents a sampling scheme with

sampling rate w-\ and Equation A21 means that this
scheme is applied to the convolution of the input f
with a rectangular function of width w. The Fourier
transform of this convolution is tr(s), w sinc(ws)
[where sinc(y) = (sin 'TTY)I",y is the function depicted
in Fig. 32], and the transform of the receptor output
(i.e., of Eq. A21) is

shrinking receptor width while keeping he spacing
between receptor center the same, to model the effect
of gaps between receptors. Specifically, suppose the
width of each receptor is reduced frorr w to pw, °S
pSI, while the spacing between receptor centers is
kept at w. In this case the output is

~ comb(:)[ ((x)" rect(p:)] (A23)

which represents a sampling at rate w- 1 of a

function [i.e., (x)* rect(p:)] which has transform,

tr(s) ·pw sinc(pws). Consequently the effect of shrink­
ing receptor width is not to increase the effective
frequency bandwidth of the system (i.e., for transmis·
sian with no harmonic distortion), since aliasing will
still occur for s> (2W)-I. However, it will increase the

Thus Equation A21 tells us that the receptor output
represents a sampling at rate l/w of a function whose
transform is essentially the product t,(s) sinc(ws),
which has zeros at s = ±l/w, ±2/w ... (because of the
sinc factor). Beyond the first zero sinc(ws) becomes
negative (for a time), and so beyond this point the
reproduction scheme introduces spurious resolution.
Consequently we concentrate on input frequencies
<l/w-i.e., consider the effect of the scheme on inputs
with frequencies below the sampling rate. According
to the sampling theorem, the sampling scheme l/w
comb(x/w) is perfect for inputs with frequencies s <
(2w)-\ and one can conclude that sinusoidal input in
this range can be recovered with no frequency distor-

-tion, though the amplitude of each input frequency s
will be attenuated by the factor sinc(ws). For input
frequencies in the range (2W)-1 < s < w-\ however,
sampling by receptors of width w leads to aliasing
distortion in the output.

To see explicitly the form this aliasing takes, con­
sider a cosinusoidal input with frequency ep, with
(2W)-1 < ep < w-1. In this case the spectrum of the
output of receptor sampling will contain energy at
s = w-1 - q, (which lies in the interval [0, (2W)-1]),
and also at s = w-1 + ep, plus all other points of the

,form s = nw-1 ± ep, n = 0, ±1, ±2, .... This output
spectrum is identical to the one that is produced by
an input cosine of frequency w- I

- q" except that each
spike in the output spectrum of cos[2'TT¢x] is atten­
uated (relative to the output spectrum of COS[21T(W- 1

- ep)x]) by the constant factor sinc(w¢)/sinc(l - wq,)
= r(q,). Consequently, the sampled output of input cos
21TepX is indistinguishable from the sampled output
produced by inputting the lower frequency function
r(q,) COS[21T(W- 1

- ep)x], and any reconstruction process
must confuse these two inputs.

Finally, it is natural to wonder about the effect of
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FIG. A5. Configurations for producing optical Fourier trans­
forms. The focal length of the lens is represented by (: thin vertical
lines represent the illumination (a monochromatic plane wave).
[From Goodman (51).)
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range between the cutoff frequency (2W)-1 and the
point (i.e., S = (pu' )-1) at which spurious resolution
begins to occur.

The same ideas can be carried over to two dimen­
sions by imagining (for the sake of convenience) square
receptors "'lith areas (pW)2 centered at the poin x =

0, ±w ±2w, ... ; y = 0 ±w, ±2w .... If each receptor
integrates the portion of f(x,y) directly above it the
resulting output is

w- 2 comb(x/u') comb(y/wl

. [f(x,y) • rect(x/pw) rect(y/pu')]

The factor outside the square brackets is a square
lattice sampling scheme that provide reproduction
without harmonic distonion for all two-dimensional
inputs whose transforms vanish outside the square
u ~ (2w) -\ u == (2W)-I. Consequently, if the highest
spatial frequency in the input at any orientation is c,
the required receptor spacing w is (2c) -1, just as in the

one-dimensional case. Any sparser sampling will lead
to alia ing.

Optical Transforms and Spatial Filtering

Calculating the two-dimensional Fourier tran forms
of input functions corresponding to com~lex natural
scenes (e.g., photographs of real objects) is extremely
laborious, but for many purpo es the same result can
be obtained directly by elegant optical methods re­
quiring no calculation at all. These methods depend
on the fact that the diffraction pattern formed by an
aperture is essentially the Fourier transform of that
aperture (51). Three optical configurations used to
compute transforms are illustrated in Figure A5. In
each case the 'object" is a screen whose transparency
can be described by a transmission function T (x,y)
(which varies between zero and one) and the illumi­
nation (represented by the vertical lines to the left of
the object) is assumed to be a coherent monochro-

FIG. A6. Optical Fourier transforms. Eachpanel in the left block (Ihree left·hand colum.ns) shows
the optical transform (i.e., amplitude spectrum) of the corresponding image in the right bloch (three
right-hand colum.ns). [From Harburn et al. (61). Reprinted from G. Harburn, C. A. Taylor, and T. R.
Weiberry: Atlas of Optical Transforms. Copyright © 1975 by G. Bell and Sons, Ltd. sed by
permission of the publisher, Cornell University Press.]



matic plane wave (e.g., from a laser). All three config­
urations will result in an image on the screen at the
right whose intensity distribution I(x,y) is essentiaUy
the squared absolute value of the Fourier transform of
T(x,y). (That is, the image intensity will be propor­
lional to the squared amplitude spectrum of the trans·
mission function of the object, the proportionality
constant depending on the intensity and wavelength
of the light and the focal length of the lens.) A number
of complex objects and their optical transforms (in
effect, their amplitude spectra) are illustrated in Fig­
ure AG. The figure also shows the effects of spatial
filtering, which can readily be achie,'ed by placing a
SlOp in the transfonn plane to block cenain spatial
frequencies, and then reuansforming the image in the
transfonn plane (i.e., by repeating the optical trans·
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fonn process using the image in the transfonn plane
as an object). The result is a filtered "ersion of the
original object, i.e., T(.r,y) minus the blocked spatial
frequencies.

The same principle naturally appli~ ;:0 the eye, the
optics of which can serve as the lens in Figure A5.
This is the basis of the technique employed by
Le Grand and others for circumventing the normal
spatial frequency cutoff' of the e;ye, as discussed in
VISUAL ACUITY, p. 260.
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