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Noise Analysis

Two categorie: of error can enter into the calculation.
The first source of error is measurement noise introduced
at the level of the sensor responses. The second source of
error is failures of the linear models of lights and surfaces
to properly characterize the surfaces and lights. The prob­
lem of sensor noise is relatively straightforward. If we
model sensor noise by a vector TJ,r added to true sensor
vector Pi';
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in which (rr is an N-dimensional vector. The analysis,
however will be based upon the model equal ion
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THE EFFICIENT REPRESENTATION OF SURFACES AND

LIGHTS

Inrroductiofl

The choice of the linear models for the ambient light
and surface spectral reflectance terms is crucial in build­
ing an efficient computation in the synthesis of images.
and it is crucial in permitting one to use a camera with
only a few color sensors in the analysis of image data. In
this section. I will review the selection of basis functions
that penpit a more efficient representation and computa­
tion of the lighting and surface parameters.

Fourier Basis

The principal means available to us for reducing the
computational burden is to reduce the dimensionality of
the surface spectral reflectance·N. Were the surface spec­
tral reflectance functions and the ambient light spectral

in which aX is a D(S)-dimensional vector. The difference
between the measured sensor data (36) and the best model
t:stimates (37) primarily depends on the ambient light and
the surfaces in the image. The error terms that express the
difference between these two equations may be described
by an additional vector with contribution' fr m various
sources. as illustrated in Fig. 3. The distribution of this
error vector. then, depends upon the surfaces in the image
as well as the ambient light falling on lhe surfaces. Since
we cannot specify the sampling distribution of the actual
surfaces without some more knowledge of the 'pecific task
of the visual sensor (a robotic in pection 'ystem will sam­
ple a different class of surfaces from a color correction
circuit in a home video recorder), the distribution of the
error signal cannot be specified without further informa­
tion concerning the class of materials and ambient lights
that the system will encounter.

which D(E) < M and D(S) < N. The sensor data will be
correctly modeled by an equation of the form

M
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Fig. 3. Figure showing the full mOOel matrix equations wilh the error terms
inside of the reduced model.

(35)p. = Po + TJ',

then the error analysis will depend upon the distribution
of the noise vector 1J". Generally, for this source of noise,
the typical assumptions of independence of the noise vec­
tors across the image are adequate. The analysis presented
in the previous sections is the maximum likelihood cal­
culation under the assumption that the entries of the noise
vector are Gaussian and independent.

Model Errors: If the dimensionality of the linear model
representations of lights and surfaces D(E) or D(S) are
allowed to become arbitrarily large, then model error can
be made arbitrarily small. As the dimensionality of the
linear representations is restricted to provide increasing
efficiency, then an additional error will be introduced by
the model approximations to the actual surface and light
functions.

Suppose that the dimensionalities of the surface and
light functions required to produce an essentially error­
free representation of the data are M and N. To reduce the
size of the computation, we will seek linear models in

homogeneous equation with one less dimension, and we
may solve for the remaining entries of e.

SoLving for Surfaces Once the Light Is Known: Once
the lighting vector is known, the remainder of the problem
is straightforward. The dependency of the lighting matrix
AE on the lighting vector is made explicit in (17). This
matrix may be explicitly computed and its pseudoinverse
computed using conventional techniques. The urface
vectors can then be computed using

1\.£1 p" = aX. (34)

Two difficulties may arise at this stage in the analysis.
First, the estimated AE may not be one to one. In this
case, there will be no unique solution for the surfaces un­
less the dimensionality of the surface representation is re­
duced.

Second, the recovered surface weights Ir', while con­
sistent with the model, may in fact give rise to estimates
of th 'urface reflectance functions that are not physically
realizable, that is, that contain negative values of surface
reflectivity. When this happens broadly throughout an im­
age, it is an indication lhat the linear model for the lights
and surfaces is n t providing a very good fit to the actual
lights and surfaces. This too requires reevaluating the
choice and number of basis functions used in the estima­
tion procedure.
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Clearly. the fit of the Munsell sp~ctra is mther good.
This should not be taken as evidence that all surface re­
flectance functions fall well within a three-dimensional
model. Rather, it should be seen as an interesting case of
a complex. set of objects that can be well described by a
linear model with only a few degrees of freedom. The
point of the analysis is to demonstrate that the Fourier
representation is efficient for representing spectral reflec­
tance functions and ambient light because of the high de­
gree of correlation across the wavelength spectrum, It has
the further advantage of identifying specular reflectance
with the dc component of the surface reflecllince function.

Fig. 5. Ea,h 0(" 4b:! Muns~1I <:hip surface rcne<:lancc ("unctions was IiI by
lhe sum or sinusoidal and cosinusoidal functions. This figuTC pllllS the
normalized rmse of the median of 462 Munsell chip filS as a function of
the number of Fou rier basis lerms used in lhe fil. The percent of variance
accounled for may bc computed as .J(i - y) where y is the normalized
rmsc.
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Fig. 4. (a) The surface reneclance function (open symbols) and besl filling
eSlimate (filled symbols) of Ihe Munsell chip with Ihe largest residual
error (worst fil) of all 462 chips. (b) The three Fourier basis funclions
used 10 lil the surface refleclance functions of the Munsell chip samples.

'(thank lhe Munsell Corporation for making these measurements avail­
able.

power distributions essentially bandlimited functions, then
from the sampling theorem, we know that specifying these
functions at say. four sampling points along the wave­
length dimension would uniquely determine the identity
of the function.

Stiles and Wyszecki [17] and Stiles et al. f16] per­
fonned an early and important analysis of surfaces reflec­
tance functions in which they suggested that these func­
tions are low-pass functions of wavelength in the visible
range. Maloney [11] has put forth the intriguing hypoth­
esis-based on the physical chemistry of surface reflec­
tances-that these functions are generally forced to be low
pass in'the visible range.

There is wide informal agreement that natural surfaces
and lights are generally smoothly varying. There are cer­
tain exceptions, such as fluorescent light and the surface
reflectance functions of the rare earth metals, but the fact
that the overwhelming majority of functions are smoothly
varying suggests that in designing a system with only a
few color sensors, it is far better to select a representation
of the surfaces and lights that is slowly varying across
wavelength. Unless there is some specific knowledge of
the working environment to override this choice, it seems
generally preferable to represent the spectra as the
weighted sum of several low-frequency tenns across the
visual spectrum.

Specular Reflectance: When using a low-frequency
representation, the functions Sj (An) are illustrated in panel
(b) of Fig. 4. The function SI is the dc component of the
spectral reflectance function, and the functions S2 and S3
represent the sinusoidal and cosinusoidal components at
one cycle across the visible region. Notice that when this
representation is chosen, the weight of the first dimension
SI is a mixture of the specular reflectance at that point in
the image, added together with the dc component of the
matte portion of the surface refle<:tance function. Using
such a representation, then, it is relatively straightforward
to systematically vary the specularity, In practice, this can
be achieved by simply manipulating the value of the first
dimension of the surface reflectance function vector.

In Fig. 5. I have analyzed how well the Munsell chips.
a widely used set of color surfaces. can be described as
bandlimited functions. The figure is derived as follows.
First, I used the spectral reflectance functions of the Mun­
sell chips measured by Nickerson (1943)4 to calculate the
least squares fit of Fourier basis terms to the surface spec­
tral reflectance functions of each of the Munsell chips.
measured from 400 to 700 nm. I then nonnalized the root
mean-squared error (rmse) of the best fit by the vector
length of the surface reflectance function. This is the
square root of the proportion of variance accounted for,
On the vertical axis, I have plotted the normalized nnse
of the median of the 462 Munsell chips available in our
data as a function of the number of Fourier basis terms.
In Fig. 4(a), I have plotted the worst of the 462 fits to the
sample data, along with the three basis functions.
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COLOR RENDERING PROCEDURE

Fig. 6. Flow diagram of how the analyses and synthesis procedures may
be used together to conven the outputs of a camera with arbitrary sensor
spectral to display an image so that it will appear to an observer as if he
were at the camera position.

more difficult-and common-case is when the camera
sensors are not related to the visual pigment sensitivities
by a linear transformation.

In that case, we may proceed as indicated in Fig. 6. We
use the camera sensor responses and the procedure in the
analysis section to form an estimate of the ambient light
spectral power distribution E. We then calculate estimates
of the surface reflectances:

(7)

(6)

Input is from I color camera

Arbitrary but independent sensor spectral sensitl.ities

~
Use anatysis equations to estimate

surflc. and light functions

l
Use synthesize equetions to

calculate display gun Intensities

l
Output is to a color monitor

CONCLUSIONS

The methods described here for the synthesis and anal­
ysis of color images are based on the physical factors­
lighting, reflectance, and absorption-that give rise to
color information. The insistence on referring all calcu­
lations of sensor responses back to the underlying physi­
cal processes permits us to treat several different problems
in the th~ory of color images from a common framework.
In particular, the equations f9r selecting display gun in­
tensities, and the equations for analyzing color images,
are both based on a common formula, (27).

Maloney and Wandell's [12] method for analyzing the
color signal into its surface and light components has ap­
plications to several different problems in color science.

Using these estimates of the surface and ambient light dis­
tributions, we set the display intensities using the synthe­
sis calculations in (21), which I repeat here:

[

D(E) ]
fX = L; f"r-IA

II
(lx.

n=1

To the extent that the camera data permit an accurate re­
covery of the surface and light functions, the synthesized
colors will have the same visual effect as if the observer
had been at the position of the camera.

~Judd cl Ill. r101 estimated the principal components of daylight at an
early stage in the technical development of these methods. The reponed
functions arc not precisely orthog.onal. Unfortunately. the original daw have
been misplaced so thaI we cannot reanalyze the original data. Maloney
(personal communication) is preparing a new analysis of a large set of such
data.

An alternative method for selecting the representation,
which is particularly appropriate when the set of surfaces
and lights are known in advance, is to perform a principal
component analysis of the distribution of s~rface reflec­
tance functions and spectral power distributions. The
principal component analysis-sometimes called the Kar­
hunen-Loeve transformation-explicitly seeks that set of
basis functions that simultaneously minimizes the corre­
lation among dimensions and identifies those dimensions
that are most descriptive of the data set.

General analyses.of the degrees of freedom in spectral
data have been applied to the spectral power distribution
of ambient daylights by Judd et al. [10) and Dixon (1978)
and to the surface reflectances of the Munsell chips by
Cohen [4). In addition, Maloney (11) has analyzed the
data from a large set of natural objects. All authors have
concluded that their data sets are well described using lin­
ear models with a small number of degrees of freedom. s

Relationship to Physical Processes: It is interesting to
note that the linear model for the variations in the ambient
daylight spectral power distribution is not a reasonable
model for the physical processes that give rise to the ob­
served spectral power distributions (compare the argu­
ment in Witkin and Pentland (21)). For example, black­
body radiators form a one-parameter nonlinear family of
spectral power distribution curves. Yet Maloney has
shown (personal communication) that the set of principal
components of the natural daylights also provides a rather
good approximation to the spectral power distribution seen
in blackbody radiators. The physical effects that cause the
fluctuation in the spectral power distribution of daylight
include such factors as Rayleigh scattering and the ab­
sorption and scattering by atmospheric moisture. Were
one to provide a serious physical model of these effects,
the linear model would never be selected. Normally such
processes are modeled by a multiplicative filtering action
and nonlinear molecular actions. The linear model used
here is not closely tied to the physics of the imaging en­
vironment, but rather is simply a useful mathematical
method. Its usefulness depends on our ability to accu­
rately describe the wavelength functions of the desired
quantities. The fact that the underlying physical processes
are not well modeled by the linear sum of different phys­
ical processes is not relevant to the performance of the
algorithm. .

The Color Camera Revisited: In Fig. 6, I indicate how
the analysis and synthesis calculations developed in this
paper can be put together in order to obtain a rendering
of an image sensed by a color camera. As Hom [9) has
pointed out, if the camera sensor spectral sensitivities are
within a linear transformation of the spectral sensitivities
of the human eye, the problem may be easily solved. The
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The analysis of the image data into surface and light com­
ponents penn its us to correct the acquired sensor signal
for unwanted effects of ambient lighting. The ability to
perfonn this correction will improve the art of color bal­
ancing images. The ability to estimate the surface reflec­
tance of objects in the image from cameras that are not
strictly matched to the human eye should also improve the
color rendering of images. Finally, the ability to use ob­
ject surface reflectance-rather than gray-level image in­
tensity in which confound surface and light information
are confounded-should become an important aid in the
development of visual inspection systems that are robust
with respect to the ambient lighting.
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